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Abstract. In this paper, we prove some interesting identities, among average represen- 
tation numbers (associated to definite quaternion algebras) and 'degree' of Hecke corre- 
spondences on Shimura curves (associated to indefinite quaternion algebras). 

1. Introduction 

In this paper, we prove some interesting identities relating two different quaternion 
algebras using Kudla's matching principle |Ku2l Section 4]. 

Let D be a square square free integer, and let B = B{D) be the unique quaternion 
algebra of discriminant D over Q, i.e., B is ramified at a finite prime p if and only if p\D. 
The reduced norm, denoted by det in this paper, gives a canonical quadratic form Q on 
B and makes it a quadratic space V = (5, det). For a positive integer prime to D, 
let Od{N) be an Eicher order of B of conductor A^, which is an even integral lattice of 
V, and denote by L. The quaternion B is definite if and only if D has odd number of 
prime factors. When B is definite, it is a very interesting and hard question to compute 
the representation number (for a positive integer m) 

rLijn) = \{x G Od{N) : detx = m}\. 

On the other hand, the average over the genus gen(L), which we denote by 

1 rL^{m) 



LiGgen(L) Liegcn(L) 



Aut(Li 



is product of so-called local densities, thanks to Siegel's seminal work in 1930's [51], which 
are computable (see example |Yalj ). We remark that gen(L) consists of (equivalence 
classes) of right ideals of all maximal orders when A^ = 1. Notice that r^) depends only 
on D and A^ and is independent of the choice of Eicher orders of conductor A^. Using 
Kudla's matching principle ( |Ku2] . see also Section |2]), we will prove the following theorem 
in Section m 

Theorem 1.1. Let D he a square-free positive integer with even number of prime factors, 
let p ^ q he two different primes not dividing D, and let N be a positive integer prime to 
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Dpq. Then 



rDp,N{m) H -rDp,Nq{m) = -rDq,N{m) H -rDq,Np{m) 



g — 1 Q' — 1 p— 1 p 

/or ei'er?/ positive integer m. 

We remark that rp^N{m) has geometric interpretations. For example, Gross and Keating 
r pK] . fWedl Page 27]) proves 



^ ,Aut(i?)i; ^|^,^|Aut(E)||Aut(i?0 



Here the sums are over supersingular elhptic curves over ¥p, and Hom(i?, E') is the qua- 
dratic lattice of isogenies (from E to E') with degree as the quadratic form. Replacing 
E hj a pair {E, C) where C is a cyclic subgroup of E of order A^, and Hom(ii^, E') by 
B.om{{E , C) , {E' , C')) , one gets Vp^i^ijn) (see Section H] for detail). So Theorem 11.11 gives 
some relations between supersingular elliptic curves over different primes when we take 
D = 1. We also remark that | Aut(ii^)| has a simple formula (see |Grj ) 

When B{D) is indefinite, the representation number does not make sense anymore as a 
number can be represented infinitely many times. In this case, the geometry of Shimura 
curves comes in. We fix an embedding of i : B{D) M2(M) such that B{D)^ is invariant 
under the automorphism ^ of GL2(M). Let r^(A^) = Od{NY be the group 

of (reduced) norm 1 elements in Od{N) and let X^(A^) = r^(A^)\e be the associated 
Shimura curve. For a positive integer m, let T£,^]^[m) be the Hecke correspondence on 
Xl^{N) defined by 
(1.1) 

TD,N{,m) = {([zi], [Z2]) e X/^{N)xX^{N) : Zi = i{x)z2 for some x G Od{N), det x = m}. 

Define degT£)^Ar(m) = deg(Tci^Ar(m) — )■ Xq{N)) under the projection {\zi\, [z2\) ^ [zi\. 
Let VLq = —^y~'^dx A dy be the volume form on Xq{N) (associated to n^^^^)), and let 

vol(Xo^(Ar),fio)= / 

be the volume of X^{N) with respect to Qq, which is a positive rational number (see (15. 3p ). 
Finally, we define (when D has even number of prime factors) 

(1-2) r'j^A^) = :(vd]m\ n \ degTz),jv(m). 

Similar to Theorem ll.il we will prove the following theorems in Section O 

Theorem 1.2. Let D be a square-free positive integer with odd number of prime factors, 
let p ^ q be two different primes not dividing D, and let N be a positive integer prime to 
Dpq. Then 

-rOvA"^) + ^rD'p^NqK^) = TrDqA^) + ' T^Dq,Np{^) 



g— 1^' g — l'^'^ p— 1^' p — 1 
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for every positive integer m. 

Theorem 1.3. Let D be a square-free positive integer with odd number of prime factors, 
let p \ D be a prime, and let N be a positive integer prime to Dp. Then 

Theorem 1.4. Let D > 1 be a square-free positive integer with even number of prime 
factors, let p \ D be a prime, and let N be a positive integer prime to Dp. Then 

This paper is organized as follows. In Section we review Weil representation and 
Kudla's matching principle in general case. In Section |3l we prove some local matching 
between division and matrix quaternion algebras over a local field. In Section |4] we look at 
two global quaternions different at two primes carefully and prove Theorem ll.il In Section 
[51 we associate product of two Shimura curves to the quadratic space coming from an 
indefinite quaternion and compute the theta integral via 'degree' of Hecke correspondence, 
and prove Theorems 11.21 11.31 and 11.41 

This paper was inspired by Kudla's matching principle. We thank him for his infiuence 
and help. We thank Xinyi Yuan for his help to make Section 5 cleaner. The first author 
thanks the Department of Mathematics, University of Wisconsin at Madison for provid- 
ing him excellent working and learning environment during his visit. The second author 
thanks MPIM at Bonn and Tsinghua Math Science Center for providing excellent working 
conditions during summer 2012, where he did part of this work. 

2. Preliminaries and Kudla's matching principle 

Let : A/Q — > C be the canonical unramified additive character, such that V'oo(a;) = 
e^™. Let (V, Q) be a nondegenerate quadratic space over Q of even dimension m with the 
quadratic form Q, and let 

m(m — 1) 

Xv{x) = (x, (-1) ^ det V")a 

be the associated quadratic character. Let u = u^y be the associated Weil represenation 
of 0{V){A) X SL2{A) on ^(^^(A)), where ^(^^(A)) is the Schwartz-Bruhat function space. 
The orthogonal group 0{V){A) acts on ^(^^(A)) linearly, 

LL!{h)ip{x) = ip{h'~^x). 

The SL2(A)-action is determined by (see for example |Kulj ) 

uj{n{b))ip{x) = ilj{bQ{x))(p{x), 
(2.1) co{m{a))(f{x) = Xv{^) I |^ fiax), 

u{w)^ = j{V)^ = j{V) Jy^^^ ^{y)ij{{x, y))dy, 

where for a G A^ , 6 G A 
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dy is the Haar measure on V^(A) self-dual with respect to 4'{{x, y)), and •yiV) is a 8-th root 
of unity (Weil index). Similarly, one has Weil representation at each prime p, which we 
still denote u if there is no confusion. Let P = NM be the standard Borel subgroup of 
SL2, where N and M are subgroups of n{b) and m(a) respectively. It is well-known that 
the theta kernel ( |Wej ) 

(2.2) e{g,h,^)= J2 ^(gMh-'x), ^eSiViA)) 

x€V{Q) 

is left 0{V){Q) X SL2(Q)-invariant and is thus an automorphic form on [0(1^)] x [SL2]. 
Here denote [G] = G(Q)\G(A) for an algebraic group G over Q. So the theta integral 

(2.3) 1(9, = [ 0{g, h, ^)dh 

is an automophic form on [SL2] if the integral is absolutely convergent, which is the case 
precisely when V is antisotropic or dimlV) — r > 2, where r is the Witt index of V. There 
is another way to construct automorphic forms from (p G ^(^^(A)) via Eisenstein series. 

For s G C, let I{s,xv) be the principal series representation of SL2(A) consisting of 
smooth functions $(s) on SL2(A) such that 

(2.4) ^{nm{a)g, s) = xv{a)\a\'^^^{g, s). 
There is a SL2(A)-intertwining map (sq = y — 1) 

(2.5) A = Ay : S{V{A)) ^ /(so, xv), X{¥>){g) = c^(^?)(0). 

Let KocK be the subgroup 5*02(1^) x SL2(Z) in SL2(A). A section $(s) G /(s,x) is called 
standard if its restriction to K^qK is independent of s. By Iwasawa decomposition G{A) = 
N (A) M {A) KoqK , the function X{(p) G I{sq, x) has a unique extension to a standard section 
$(s) G I{s,x), where $(so) = A((/9). The Eisenstein series is given by 

(2.6) Eig,s,if)= Yl ^i^9,s). 

7eP\SL2(Q) 

When V is antisotropic or that dim{V) — r > 2, Kudla and Rallis ( |KRlj |KR2 ]) proved 
that the Eisenstein series is holomorphic at s = sq (extending Weil's classical work [We] ) 
and produces an automorphic form [SL2]. The two ways (theta integral and Eisenstein 
series) give the same automorphic form — the well-known Siegel-Weil formula as extended 
by Kudla and Ralhs f [KRT] . [KR2] l 

Theorem 2.1. (Siegel-Weil formula) Assume that Vis antisotropic or that dim{V)—r > 2, 
where r is the Witt index of V, so that the theta integra is absolutely convergent. Then 
E{g, s] $) is holomorphic at the point sq = m/2 — 1, where m = dimiV), and 

E{g,So,^) = Kl{g,ip), 



where k 
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Let V^^^ , V"*^^-* be two quadratic spaces with the same dimension and the same character 
X, then there is a following graph 

(2.7) 5(^(2) (A) )/-^--'^ 
Following Kudla |Ku2] . we make the following definition. 

Definition 2.2. For an prime p < oo, ipp'^ G S{Vp^^) are said to be matching if 

yj^*^ = HpV'p'' ^ 5'(y^*^(A)) are said to be matching if they match at each prime p. 

By the Siegel-Weil formula, we have the following Kudla matching principle ( |Ku2] ) : 
Under the assumption of Theorem 12.11 for both V^^^ and V^'^^ , one has, for a matching pair 

(^«,V^(2)), 

(2.8) /(^,^«) = /(^?,^(2)). 

An lattice L of \^ is a free Z-submodule of V of rank m. It is even integral if Q{x) G Z 
for every x G L. We define the dual of L as 

= {xeV : {x,L) C Z}. 

Locally, 

Ll = {xeVp: {x,Lp)cZp}. 
Lp is called self-dual if = Lp. 

3. Hatchings on quaternions 

Over a local field Qp, there are two quaternions: the matrix algebra B^'p = M2(Q) (split 
quaternion) and the unique division quaternion B''"' (ramified quaternion) . Let V = V'"^^ or 
V^"" be the associated quadratic space with reduced norm as the quadratic form det{x) = 
xx\ where x'' is the main involution on quaternion algebra B. Both spaces have trivial 
quadratic character xv- So we have SL2(Qp)-intertwining operators 

A : SiV) ^ /(I), if ^ A(y.) = covigMO). 

Here I{s) = /(s, trivial). We will use superscript ra and sp to indicate the association 
with division or matrix quaternion algebra. It is known ( [Ku2j ) that A'^^ is surjective while 
the image of A^" is of codimension 1. So every function ip^"- has some matching in S'(V^'^^). 
The purpose of this section is to give some explicit matchings and obtain some interesting 
global identities. In next section, we will give arithmetic and geometric interpretations of 
these identities in special cases. 
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3.1. The finite prime case p < oo. We assume p < oo in this subsection. Let U"' — Osro. 
be the maximal order of i?^" = B™, which consists of all elements of B whose reduced norm 
is in Zp. We don't use the subscript p for simplicity in this subsection. Let Lq^ — M2(Zp) 
and 

Lf = {A=(^^ ^) e M,{Z,) : c ^ (mod p)}. 

Then 

L-'« = TT-^L-, Lf '« = { (^^ e M2(Q,) : a, c, d e Z„ 6 e ^ZJ. 

Here tt e 5™ is a 'uniformizer', i.e., tt^ = — vr and tt^ = p. We denote 

= char(L''"), (^"«'« = char(L''"'«), 

and 

(3.1) ^f = char(Lf), i = 0, 1, and = char (Lf'«). 

Proposition 3.1. Let the notation he as above. Then 

(1 ) if" e SiV") matches with ^^l^ + Jtiyjf e S{V'p) . 

(2) (^'■«'« e ,S(y«) mate/ies with ^ip'J' - ^ipf e S{V'p). 

Proof. (1) Since 

SL2(Zp) = Ko{p) U N{Zp)wKo{p), Ko{p) = Lf n SL2(Zp), 

/(^l)-K'o(p) j^g^g (;iiniension 2, and $ G /(1)^o(p) is determined by $(1) and $(w). Notice that 
Kq{p) is generated by n(6) and n_(c) = u'~^n(— c)w, 6 G Zp and c G pZp. Using this, 
one can check that </?''", ^pf are all -fro(p) under respective Weil representation. We check 
a; (n_(—c) )(/?''" = and leave others to the reader. One has 

a;''"(«;)v?''"(a:) = 7(y'''^)(/?^"'«(x) vol(L^"). 

So 

cc;''"(n(-c)w)(^™(a;) = 7(y™) vol(L™)V^p(-cdet(a;))(^""'«(a;) = 7(y™)<^™'«(a;) vol(L™), 
i.e., 

a;™(n(-c)w)<^™ = a;™(w)(^''". 

So 

a;™(n_(c))<^™ = Cc;™(w;-^)a;™(n(-c)w;)</p"'^ = ^''^ 

as claimed. 

Now we have A^"((^^"), A"f((/?f G /(l)^o(^'). Direct calculation gives 

A""(v9™)(l) = 1, A™(v?™)(t«) = 7(y™)p-^ 
A^^(^f) = l, A^^(v.n(«;)=7(V^^^), 
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Since j{V'p) = -7(1^™) (= 1), one has 

\Ta/ra\ ^ ,sp , P ~^ ^ sp 

p — 1 p — 1 

This proves (1). Claim (2) is similar and is left to the reader. One just needs to replace 
Koip) by 

K^ip) = {(l J) e SU{Z,) : 6 = (mod p)}. 

□ 

To find matching pairs of coset functions v?™ = char(/i + L*""), we first need to label 
them. Let k be the unique unramified quadratic field extension of Qp in B"^"-, and let 
Ofc = Zp + ZpM be the ring of integers of k with u G . Then there is a uniformizer tt of 
5 such that vrr = fvr for r G /c and vr^ = p. One has then 

= Oera = Ok + Ok-n = Zp + ZpU + Z^vr + ZpUp. 

So one has an isomorphism 

u TT 

Using the identification, we denote y^^" for char(/i™ • + i^^"). Similarly, we use v^^j to denote 
char(/x'^^. + Lf ), where /z'^^- = (° g )• Let 

K{p) = {(^^ GSL2(Zp) : a-l = rf-l = 6 = c = (modp)}. 

Since 

(3.2) iV(Zp)M(Zp)\ ^U{Zp)/K{p) = {1, wnU), < j < p - 1}, 

one has dim J(l)-'^'^^) = p + 1. 

Lemma 3.2. Let i/ie notation he as above. Then 
(1) One/ias(^^j;.,<^. G/(1)^(P). 

(1) When ah = cd (mod p) and (a, b), (c, d) 7^ (0, 0), one has A*p((/?^pJ = X'^i'^l^a)- 

(2) The set {A^p((/?7), X'^Pi^f^j), < j < p - 1} ^z^;es a 6aszs 0/ J(1)^(p). 

Proof. Claim (1) follows from definition and the fact that K{p) is generated by n{pb) and 
n_{pb), b G Zp. The invariant under n{pb) is clear. The invariant under n^{pb) can be 
verified the same way as in the proof of Proposition 13.11 

(2) By (13.21) . it is only need to check the values at {1, wn{i), < i < p — 1}. 

X''{VZ)(^^(')) = I ^p(^det(a;))cix 

= -eiabilp) 
P 
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and 

where e{x) = e^'^^^"^^. The result follows. 

(3) By (13. 2p . we see that $ G 1(1)^^^^ is determined by the values at 

{1, wn{i), < i < p — 1}. 

Suppose 



o<i<p-i 



where a,aj G C. 



Taking the value at 1: 

«A^%o")(i)+ E %A^%^,:;.)(i) = o, 

0<j<p-l 

we get a=0. Now we consider the equations 

o<i<p-i 

The coefficient matrix is := [X'^^ (ipl^j) {wn{i))]o<ij<p-i. Since 

ij p 

one sees A = (e(ij7p))o<jj<p-i and det(A) = det{{e{ij / p))) 7^ 0. 

Hence a = 0,aj = 0,0 < j < p — I, and A*p(v3o^), A*^((y9^j), < j < p — 1 are linear 
independent. □ 

Proposition 3.3. Assume {k,l) 7^ 0. Let A = (e(^))o<jj<p-i &e the matrix in the proof 
o f Lemma \3.2l and let Aj be the matrix obtained by replacing j-th column of A by column 
{-e(^^^), < i <p - 1}, where 

dk,i = k'^ + klTrk/Qp{u) + l'^Nk/Q^{u). 

Then Ej=o ^fc.KjOv^ij ^ S{V'p) is matching with ifl^^ where Ck,iij) = 

Proof. Since A™((/?^";) G /(I)^(P), it suffices to check the identity at {1 , wn{i), < i < J9— 1}. 
Suppose (fc, /) 7^ 0, let 



0<j<p-l 

where 6^,/, Ck,i{j) G C. Taking the value at 1, one gets bk,i = 0. 



QUATERNIONS AND KUDLA'S MATCHING PRINCIPLE 

Taking the value at {wn{i), < i < p — 1}, one has 

0<j<p-l 

It is easy to check that 

y\^l%wn{{)) = --e{--{k' + klTriu) + fN{u))). 
p p 

Denoting 

dk,i = k'^ + klTik/Q^iu) + f Nfc/Qj,(u), 



-e{ 

p V p 

^''^{vTj)iwn{i)) = \e{ii/p). So we get Cfc,;(j) 



then X'°'{(p'^^i){wn{i)) = — ^-y^). From the proof of Lemma 13.21 it is known that 

detA 

□ 



3.2. The case p = oo. In this subsection we consider the case Qp = M and recall a 
matching pair given in [Ku2] . Notice that 5™ in this case is the Hamilton division algebra, 
and l^™ has signature (4,0). Let <^™(x) = e-^^'i^*^^) E ^(V™), then (/?™ is of weight 2 in 
the sense 

^ l^^eJV^oo - e V^oo i^e - [-sine cose) ■ 

On the other hand, Kudla constructed a family of weight 2 Schwartz function G Siy^^) 
as follows |Ku2t Section 4.8]. Recall l^*^ = M2(]R). Given an orthogonal decomposition 

(3.3) V'"' = V+ ®V- , x = x+ + x^, 

with of signature (2, 0) and V~ of signature (0, 2). One defines (Kudla used the notation 

^{x, z)) 

<^^(a;, V-) = (47r(x+,a;+) - i)e--(-+ 
Kudla proved the following proposition |Ku2t Section 4.8]. 

Proposition 3.4. For any orthogonal decomposition as in liS. 3\) . {ip^,(p^^{x,V~)) is a 
matching pair, and their (same) image in /(I) is the unique weight 2 section $^ given by 

^Un{b)m{a)ke) = |a| V'^ 

Because of this proposition, we will simply use for (y9^( , V~). 

3.3. Global matching. For a square-free positive integer, and let B{D) be the unique 
quaternion algebra over Q of discriminant D as in the introduction. It is indefinite (i.e., 
B{D)^ = M2(M)) if and only if D has even number of prime factors and it is M2(Q), i.e., 
D = 1, precisely when it represents 0. In this paper, we assume D > 1 so the Siegel-Weil 
formula applies. The following matching theorem is clear from Kudla's matching principle 
(12. 8p and Propositions 13. 13. 3[ and 13.41 
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Proposition 3.5. Let V{Di) be the quadratic spaces associated to the quaternion algebras 
B[Di) (with reduced norm as the quadratic form) with square-free integers > 1, z = 1, 2. 
Assume (p^^^ = HpV'p^ ^ 'S'(\^(Dj)(A)) satisfy the following conditions: 

(1) Whenp = oo, (/jS is f'^^ orif^^ depending on whether B{Di)oo is split or non-split. 

(2) When p \ D1D200 or p\gcd{Di, D2) , we identify V{Di)p = V{D2)p and take any 
vi^^ =^?^ eS{V{Di)p). 

(3) When p\lcm{Di, D2) but p \ gcd{Di, D2) , one of B{Di) is B'/ and the one zs 5™, 

we take {(f^\(f^^) to be a matching pair in Propositions \3.1\ and \3.3[ 
Then (lp^^\ (f^"^^) is a matching pair, and 

In next two sections, we will give arithmetic and interpretations of the theta integrals in 
some special cases. 

4. Definite quaternions, representations numbers, and supersingular 

ELLIPTI curves 

We first review a general fact about positive definite quadratic forms for the convenience 
of the reader. Let (V, Q) be a positive definite quadratic space of even dimension m. Define 

^U^) = e-2'^'3(^) e S{V^). 

Then it has the properties 



00 



for h G 0{V){R) and he G S02(M) C SL2(M). For any iff G S{V), where V = V®z^, the 
theta kernel 

9{t, h, iffipoo) = v~'^9{g^, h,ipfLpoo) 
is a holomorphic modular form of weight y for some congruence subgroup, so is 

Here g^ = n{u)m{y/v) for r = m + it> G H. 

For an even integral lattice L of we denote 

(4.1) 9{t, L) = 9{t, char(L)(^oo), /(r, L) = I{t, char(L)(^oo). 

Recall that two lattices Li and L2 of V are equivalent if there is h E 0{V) such that 
hLi = L2. Two lattices Li and L2 are in the same genus if they are equivalent locally 
everywhere, i.e, there is h E 0{V){Q) such that hLi = L2. We also recall that 0{V){A) 
acts on the set of lattices as follows: hL = {hfL)r\V where hf is the finite part of h = hfhoo- 
Let gen(L) be the genus of L — the set of equivalence classes of lattices in the same genus 
of L. Then the above discussion implies that 

0{Vm)\0{V){K)/K{L)0{V){M) = gen(L), [h] ^ hL, 
where K{L) is the stabilizer of L in 0(y){Q). 
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Proposition 4.1. Let 

rL{n) = \{x e L : Q{x) = n}\, rgen(L)W = I J2 JoUyVl) ^ W^\' 

\L'egcn(L) ' J L'egcn(L) I I 

where 0{L) is the stabilizer of L in 0(y). Then (q = e(r) j 

oo 

e{T,h,L) = J2rhL{n)q\ 

n=0 

oo 



m=0 



Proof, (sketch) This is well-known and we sketch the main steps for the convenience of the 
reader. The formula for 6 follows directly from the definition. For theta integral, notice 
that char(I/) is if(L)-invariant. Write 

0{V){A) = U';^,0{V){Q)h,K{L)0{V)iR). 

Then gen(L) = {hjL : j = 1, ■ ■ ■ , r}, and 

)l([0(\/)])/(r,L) = Ve(r,/i„L) [ Idh 

JihT^O{Vm)hj)nK{L)\K{L)0(V)(R) 

T, hj,L) 



vol 



.(A'(L)0(lO(K))E^ 



n=0 L'egen{L) ' ^ 



On the other hand, the same calculation gives 

.l([0(V)]) = vol(ir(L)0(\/)(M)) 



vol 



|0(L') 



This proves the formula for /(r, L). □ 

Proof of Theorem ll.il Let ViD^ be the quadratic space associated to the quaternion 
algebra B{D) of discriminant D. Recall that a Eicher order of conductor A^, denoted by 
Od{N), is an order O of B{D) such that 

(1) When p\D, Op := O ®z Zp is the maximal order of B{D)p = _B™. 

(2) When p \ Doo, there is an identification B{D)p = MajQp) under which Od{N)p = 
Rp{N). Here 

Rp{N) = {(^^ G M2{Zp) : c = mod A^}. 
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Now let V^^^ = V{Dp) and V^'^^ = V{Dq) with D satisfying the condition in the theorem. 
Then V*^*-' are both positive definite. Define ip^^'^ = Y[if\^^ ^ S'(V^^^''(A)) as follows. 



y?™ if / = oo, 

char {Ri{N)) if / f Dg, 



where y?^^ and are the functions defined in (13.11) with added subscript / (to indicate its 
independence). Then one has 

= ^ chariODpiN)) + ^ char(0^p(iVg)). 



So 



q — 1 Q — ^ 



One defines y?'-^^ the same way with the roles of p and q switched. Then Lf^^^ and ^j*-^-* form 
a matching pair by Proposition 13.31 So Proposition 13.51 implies 



/(r,v9«)=/(r,^(2)^ 



and thus 



g— 1 1 1 p— 1 

Taking m-th Fourier coefficients, one proves the theorem. 

The case D = 1 has special geometric meaning as indicated in the introduction. Let 
yo(-^) be the moduli stack of pairs {E,C) where E is an elliptic curve and C is a cyclic 
sub-scheme of order A^. It is regular and fiat over Z and smooth over For a prime 

p \ N, let SSp{N) be the supersingular locus of Yq{N)(¥p) — the Fp-point {E, C) such that 
E is supersingular, i.e, End(-E) and End(i?') are maximal orders of B{p). In this case, the 
endomorphism ring End(i?, C) is an Eichler order Op{N) of conductor A^. Every Eichler of 
B{p) comes this way. For two points {Ei, Ci), {E2, C2) G SSp{N), Hom((Ei, Ci), {E2, C2)), 
which consists of isogenies (/ : i?i — )■ E2) with /(Ci) C C2, is an quadratic lattice with 
respect to deg /, and is in the same genus of End(a;i) and End(x2). One can actually prove 
(see example [Ya2j ) that all Hom(xi,X2) form the genus of L = Op{N) as Xi and X2 runs 
through the supersingular locus SSp{N). So we have 



Proposition 4.2. One has 




-1 



rUom{xi,X2)i''TT') 



Aut(xi)||Aut(x2)| ; ,^,,,^t^sAN) |Aut(xi)||Aut(x2) 
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5. Indefinite quaternions and Shimura curves 

Associated to a square-free integer D > with even number of prime factors, is an 
indefinite quaternion algebra B = B{D) of discriminant D. In particular, We choose and 
fix an embedding i : B ^ B^o = M2(M) such that the inner isomorphism X H- wXw~^ 
preserves i{B). We denote det for the reduced norm on B, then V = V{D) = {B,det) 
is of signature (2,2) and is anisotropic when D > 1. According to |Ku2t Theorem 4.23], 
the theta integral I{g, (p) in Proposition 13.51 is a generating function of degrees of some 
devisors with respect to the tautological hne bundle over the Shimura variety associated 
to V . In our case, the line bundle can be identified with the line bundle of two variable 
modular forms of weight 1, and the devisors can be identified with Hecke correspondences 
on a Shimura curve as we will see now. 

The action of B^ x B^ on V via 

{9i,92)X = giXg^^ 

gives an identification of GSpin(y) with 

H = {{g,,g2)eB'' x B^ : det (71 = det } • 

The associated spin norm is fi{gi,g2) = detgi. It has the exact sequence 

1^G.^^H ^ SO{V) 1. 

Let D be the Hermitian domain of oriented negative 2-planes in V^, and 

C = {w eVc = M2(C) : {w, w) = 0, {w, w) < 0} 

on both of which if(]R) acts naturally. The map 

f-.C/C^^B, w = u + iv^R{-u)+Rv 

gives an if(]R)-equivariant isomorphism between C/C^ with D. Thus £ is a (tautological) 
line bundle over D. The Hermitian domain has also a tube representation which we will 
need. Indeed, the map 

w : {my X (e-)2 £, w(zi, Z2) = ( T T ) , 

gives an isomorphism 

(H)2 X (E.-)^ = £/C^ ^ D. 

We will identify D with (H)^ x (H^)^ via this isomorphism. The natural action of B^ x B^ 
on V induces the following action on (H)^ x (EI~)^: 

(5.1) {gi, g2){zi, Z2) = {i{gi)zi,i{g2yz2) 
where g* = *g~^ for g G GL2(M). One also has 

(5.2) (5-1, 5-2)^(^1, 2:2) = w{{gi, g2){zi, Z2)){ciZi + di){c2Z2 + d2) 
for 
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Associated to a compact open subgroup K of H{Q) is a Shimura variety Xk over Q 
such that 

Xk{C) = i/(Q)\D X H{Q)IK. 

Moreover, C descends to a hne bundle on Xk, which we continue to denote by C. It can 
be identified with the hne bundle of two variable modular forms of weight (1, 1). In this 
section, we always assume 

K^{{kx,k2) e OoiNY X OoiNY ■ det A;i = det A;2} C H{Q) 
which preserves the lattice L — Od{N). 

Lemma 5.1. Let the notation be as above. Then one has an isomorphism 

X^{N) X X^{N) ^ Xk, ([^i], h]) ^ [z^wz^] 
where Xq{N) — r^(A^)\H is the Shimura curves defined in the introduction (recall w — 

Proof. Let 

Hi = {(^1, 92) eH: det gi = det ^2 = 1} = ker = Spin(y), Ki = Hi{Q) D K. 
By the strong approximation theorem, one has 

Hi{k) = Hi{Q)KiHi{R). 
Since n{H{Q)KH{R)+) = A^, one has then 

H{A) = H{Q)KH{R)+. 

So 

Xk = H{Q)\H{A)/{KK^) 

= H{Q)\{H{Q)KH{Ry)/{KK^) 
= {H{Q) n {KH{Ry))\H{R)+/K^. 

Here is stabilizer of e H"^ in if(R) and also in H(R.)^. Notice that 

H{Q) n {KH{R)+) = Hi{Q) n = r^(N) X r^(iV). 

So 

XK = Xl^iN)xX^iN)\ 

where X^{N)* = r^(A^)\EI with a slightly different action 7 * 2; = 7* (2;). Now the lemma 
follows from the isomorphism 

X^{N)^X^{Nr, [z]^[wz]. 

□ 
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Let 

= —— [y^'^dxi A dyi + y2'^dx2 A dy2) 

be as in |Ku2t Example 4.13]. It corresponds to Chern class — ci(£) in H'^{Xk)- 

Next, we describe the Kudla cycle on and relate it to Hecke correspondence on 
X^{N). Let f^o = ~^y~'^dx A dy be as in the introduction, and let tti and be two 
natural projections of Xk = X^{N) x X^{N) onto X^{N). Then 

Moreover, one has by |KRYt (2.7)] and |Mil Lemma 5.3.2] 
(5.3) vol(Xo^(iV), fio) := / ^^o = [O'n : T^{N)]Cn{-l) 

JX,?(N) 



12 11(1+^"^) 11(1-^"^)^ T^^ 

p\N p\D 



<0, 



where Cd{s) = Y[p\d(^ — p^*)^^ is the partial zeta function, and Od is a maximal order of 
B containing Od{N). 

For an X G with det(x) > and h G H{Q), x-^ is of signature (1,2) and defines a 
sub-Shimura variety Z{x) of X/^^/^-i, its right translate by h gives a divisor Z{x, h) in Xk- 
For v^/ G S{V)^ and m G Q>o, one defines the associated Kudla cycle Z{m, ipf) as 

r 

Z{m,<^f) = ^yDf{h'^x)Z{x,h) 
if there is x G V" such that det(x) = m and 

r 

Supp(v3/) n{x e V{Q) : detx = m} = JJi^T/iT^a;. 
Otherwise, we defines Z{m,ipf) = 0. 

Lemma 5.2. Let Td^nItti) be the Hecke operator on Xq{N) as in the introduction. Then 
(under the identification Xk = X^{N) x X^{N) in Lemma \5. 1\} 

Z{m,chax{L)) = T^^i^lm) 

where L = Od{N). 



Proof. Let Lm = {x G L : detx = m}. By proof of Lemma [5. 11 one has H{Q) = H{Q)K. 
So in the decomposition [x & V with Q{x) = m) 

L^ = l[Khfx 

we may assume hj G H{Q). This implies 

-^"^ = II ^Khj-^x = Y[ ^KXj, Xj = hj^x G L, 
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where Tk = K nH{Q), and 

j j j 

where is the set of {zi, Z2) G x (H^)^ which satisfying zi = x{wz2) for some x 
Since there is some (71,72) G Tk with det7i = det72 = — 1, one has thus 

Zim,^f) = (r^(iV) X ro^(iV))\D+ = Tn,NM- 
Here D+ = (H x H) n D„. This proves the lemma. 
Theorem 5.3. For iff = char((9/)(A^)), one has 



m=0 



where r'j~, = 1, and for m > 



as in the introduction. 
Proof. Write 

00 

m=0 

By |Ku2l Section 4.8], one has c(0) = 1 and for m > 

c(m) = {Yo\iXK,n^)y^ [ 

Clearly, 

o2N 11/" dxi A dyi dx2 A dy2 1 uvDfAT\n 
vo\{Xk, Q) = -— / -2 A -2 = - vol(Xo (A^), a 

One the other hand, Q = ttKQo) + tt2{^o)- So Lemmas 15.21 gives 



2 

0; 



c(m)= / (7rt(l]o) + vr2*((^o) 

'Ti3,jv(m) 



7r*(llo) 

TD,N{m) 



2degTD,Ar(m) / f2o. 

'x,f(7V) 



So c(m) = Ar(?7i) as claimed. 
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Proof of Theorems [O], D and [TH Now Theorems Ol O and Ol foUows the 
same way as Theorem ll.li We verify Theorem 11.31 and leave the others to the reader. 
Let 1^(1) = V{D) and K^^) = v{Dp) as in the notation of proof of Theorem 11.11 and let 
= riz^? e S{V^''>{A) be as follows. For / f poo, we identify Od{N)i with Odp{N)i 
and define (ff^ = char((9£)(A^);). Let 



Finally, let 



Voo r^oo) V-^oo V-^oo- 



(1) ^ sp I P + 1 sp (2) ra 



Then and y^^^^^ match by the results in Section [31 So one has by Proposition 

/(r,^«) = /(r,^(2)). 
Comparing the m-coefficients of the both sides, one proves Theorem 11.31 
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